Abstract. We give a split regular function that has a split Cauchy-Riemann system in split quaternions and research properties of split regular mappings with values in S. Also, we investigate properties of an inverse mapping theory with values in split quaternions.
Introduction
The set of split quaternions introduced by Cockle [4] in 1849 is as follows: S = {z = x 0 + x 1 i + x 2 j + x 3 k | x r ∈ R, r = 0, 1, 2, 3}, where i 2 = −1, j 2 = k 2 = 1 and i jk = 1. Unlike a quaternion algebra, the set of split quaternions is noncommutative and contains zero divisors, nilpotent elements and non-trivial idempotents [20] . Recently, since split quaternions are used to express Lorentzian rotations, there are studies on geometric and physical applications of split quaternions require solving split quaternionic equations such as [2, 9, 17, 20] . Kula et al. [17] defined dual split quaternions and gave the screw motion in R 3 1 , using the properties of the Hamilton operators. They showed that quaternions have a scalar product that allows as to identify it with semi Euclidean. Lian et al. [18] established the formulas of the maximal rank of a matrix with variant quaternion matrices subject to linear matrix equations. Song et al. [24] studied the iterative solution to the coupled quaternion matrix equations and determined the existence conditions of solution to the coupled quaternion matrix equations, by making use of a generalization of the classical complex conjugate graduate iterative algorithm.
Inverse function theorem is presented by a variety of views. The history of inverse function theorem is attributed to R. Descartes on algebraic geometry, J. L. Lagrange on real power series, A. L. Cauchy on complex power series, and U. Dini on functions of real variables and differential geometry. Further there are some developments of inverse function theorem in differentiable manifolds, Riemannian geometry, partial differential equations, and numerical analysis. Krantz et al. [16] , Dontchev et al. [6] , Hurwicz et al. [10] , and Scarpello [23] intend to present many variants of the inverse function theorem, complete with proofs and applications to algebra, differential geometry, functional analysis, and to many other branches of mathematics. Complex variables versions of the theorems can be seen in Krantz et al. [16] and Burckel [3] . Oliveira [19] presented simple proofs of inverse function theorem on a finite-dimensional Euclidean space that employ only the intermediate value theorem and the mean value theorem.
We [12] [13] [14] researched corresponding Cauchy-Riemann systems and properties of a regularity of functions with values in special quaternions on Clifford analysis. Also, we [15] gave a regular function with values in dual split quaternions and relations between a corresponding Cauchy-Riemann system and a regularity of functions with values in dual split quaternions.
In this paper, we give a split regular mapping that has a split Cauchy-Riemann system on split quaternions and research the inverse mapping of a regular mapping in split quaternions. And, we investigate properties of split regular mappings, defined on a bounded open set in S × S.
Preliminaries
The split quaternionic field S is a four dimensional non-commutative R-field generated by four base elements e 0 , e 1 , e 2 and e 3 with the following non-commutative multiplication rules (see [17] ):
= e 2 3 = 1, e j e k = −e k e j , e j = −e j ( j k, j 0, k 0), e 1 e 2 = e 3 , e 2 e 3 = −e 1 , e 3 e 1 = e 2 .
The element e 0 is the identity of S and e 1 identifies the imaginary unit i = √ −1 in the C-field of complex numbers. Split quaternions z and w are given by
x r e r = z 1 + z 2 e 2 , w = y r e r = w 1 + w 2 e 2 , where x r and y r (r = 0, 1, 2, 3) are real numbers and z 1 = x 0 + x 1 e 1 , z 2 = x 2 + x 3 e 1 , w 1 = y 0 + y 1 e 1 and w 2 = y 2 + y 3 e 1 are complex numbers in C. From the representations of z k (k = 1, 2), we have e 2 z k = z k e 2 (k = 1, 2) and we identify S with C 2 .
The split quaternionic conjugate z * , the modulus N(z) and the inverse z −1 of z in S are defined by the following:
e r x r = z 1 − z 2 e 2 ,
We use the following differential operators:
where ∂/∂z r , ∂/∂z r (r = 1, 2), ∂/∂w r and ∂/∂w r (r = 1, 2) are usual differential operators used in complex analysis. Then
are the Coulomb operators (see [5] ).
Let Ω = Ω 1 × Ω 2 be a bounded open set in S × S. We consider a function f , defined on Ω and with values in S:
where f k (z, w) (k = 1, 2) are complex-valued functions, z and w are elements of S. For example,
where f 1 = z 1 w 1 + z 2 w 2 and f 2 = z 1 w 2 + z 2 w 1 .
Remark 2.1. Let Ω = Ω 1 × Ω 2 be a bounded open set in S × S and a function f be defined on Ω and with values in S. Then 
The above system is called the split Cauchy-Riemann system for f (z) with values in S. 
Therefore, by the definition of a split regular function in Ω, a f + b is a split regular function in Ω.
(ii) By the multiplication rule of split quaternions, since
Since f 1 and f 2 are complex-valued functions, not real-valued functions, we have D *
is not a split regular function in Ω. 
Split Regular Mappings
is a mapping, where f (z, w) = zw = f 1 + f 2 e 2 and (z, w) = z+w = 1 + 2 e 2 with f 1 = z 1 w 1 +z 2 w 2 , f 2 = z 1 w 2 +z 2 w 1 , Proof. We will refer processing proofs of Kaup [11] and Field [7] . From Theorem 3.4 and the definition of a split biregular mapping, there exist a local inverse mapping G = (p, q) :
. Now, we show that G is a split regular mapping in an open neighborhood of F(z 0 , w 0 ). Since (z, w) = G (F(z, w) ) is a split regular mapping in Ω, we have
with s 1 = f 1 (z, w) and s 2 = f 2 (z, w); Also, t = (z, w) = 1 (z, w) + 2 (z, w)e 2 with t 1 = 1 (z, w) and t 2 = 2 (z, w). Also, we have Since f and are split regular functions in Ω, by the equation (1), we have 
